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We construct various boundary states in the coset conformal field theory G/H. 
The G/H theory admits the twisted boundary condition if the G theory has 
an outer automorphism of the horizontal subalgebra that induces an automor- 
phism of the H theory. By introducing the notion of the brane identification 
and the brane selection rule, we show that the twisted boundary states of 
the G/H theory can be constructed from those of the G and the H theories. 
We apply our construction to the su{n) diagonal cosets and the su{2)/u{l) 
parafermion theory to obtain the twisted boundary states of these theories. 



1 Introduction 



The recent developments in the construction of the boundary states in rational conformal 
field theories have revealed the rich structure of conformal field theories with boundaries ^1 
1^1^] . It is now recognized that the rational boundary states are described by a non-negative 
integer matrix representation (NIM-rep) of the fusion algebra [IJIHIEI- The situation 
changes, however, if we relax the condition of rationality on the boundary states. Many 
rational CFT's are equipped with an extended symmetry such as the current algebra, 
and they are no more rational with respect to the Virasoro algebra. If we require only 
the conformal invariance on the boundary states, instead of the full chiral algebra, the 
classification problem gets much complicated, for which we have no generic answer. 

In the context of string theory, boundary states give rise to D-branes. In order to have 
a consistent theory, D-branes have to keep (super) conformal invariance on the worldsheet. 
The conservation of the extended current algebra is an additional requirement, which is not 
necessary in general. The study of the conformal boundary states is therefore inevitable 
for the full understanding of the spectrum of D-branes. 

An interesting approach to the construction of the conformal boundary states in the 
WZW models has been proposed in [Hj ^. The strategy of ^ is to decompose the G WZW 
model into the H part and the coset GjH, where if is a subgroup of the group G 

G ~ G/H X H. (1.1) 

From this decomposition, we have several boundary conditions of the G theory. Adopting 
the usual boundary condition for both of the H and the G/H parts yields the ordinary 
boundary condition of the G theory. On the other hand, we can twist the boundary 
condition of the H part by an automorphism that leaves the Virasoro algebra invariant. 
Twisting the G/H part in the same way does not affect the boundary condition of the 
G theory. Taking the ordinary condition in the coset theory, however, gives the novel 
boundary condition of the G theory. This condition breaks the G current algebra while 
its conformal invariance is manifest. In jBj, it has been shown that the conformal boundary 
state, not rational with respect to G, does exist for the case of G = SU{2). The boundary 
states in the coset theories are therefore useful building blocks in the construction of 
-"^For the c—1 models, it is possible to take another approach |Z||Hlini- 
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the conformal boundary states in the WZW models. Although the coset theory with 
boundaries has been studied from the sigma model point of view PllUlllipi2j , the algebraic 
study such as is necessary to explore the stringy regime of the theory. 

In this paper, we give the general method to obtain the boundary states in the G/H 
coset conformal theory. In particular, we show that a NIM-rep of the G/H theory can 
be constructed from a pair of NIM-reps for the G and the H theories. In doing this, we 
introduce the notion of the brane identification and the brane selection rule, which are 
considered to be the boundary version of the field identification and the selection rule in 
the coset theory. We apply our method to the twisted boundary states of the su{n)i © 
su{n)i/ su{n)2 diagonal coset and the su{2)k/u{l)k parafermion theory, and obtain the 
result consistent with that in [B]. 

The organization of the paper is as follows. In the next section, we review some 
results about the boundary states in rational conformal field theories, especially the WZW 
models. In Section 3, we give arguments for the existence of an automorphism of the 
boundary states, which is the dual of the automorphism of the current algebra. In Section 
4, we give the rule to yield NIM-reps in the coset theory. We show that a pair of NIM- 
reps in the G and the H theories yield a NIM-rep in the G/H theory after an appropriate 
identification of the states generated by the automorphism of the boundary states. In 
Section 5, we apply our method to several examples. 

2 Boundary states in the WZW models 

In this section, we review some basic results about the boundary states in the WZW 
models following to 0121121 ■ 

The most simple boundary condition for the current algebra is 

4" + >n = 0, (2.1) 

where and J"^ represent the holomorphic and the anti-holomorphic parts of the algebra, 
respectively. The Ishibashi states {|A)) | A G Spec(G')} are the building blocks of the 
boundary states [IB]. Here, we denote by Spec(G) the set of the integrable representations 
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of the algebra g at level fc, namely, Spec(G') = P^{g). We normalize |A)) as follows 



((A|g^1A)) = ^XA(-l/r) = ^X,{r) = x,{r) + ..., (2.2) 



where g = e"^'^*/^ and iJ^ = ^(-^o + -f'O ~ ]^) is the closed string Hamiltonian. '0' stands 
for the vacuum representation. This normalization corresponds to the following scalar 
product in the space of the boundary states jS] 

= limg^(a|g^^|/3). (2.3) 

Here c is the central charge of the theory and q = e^'^*'^. 

The boundary condition ()2.H) relates a representation A with A. Hence, (A)l ® (A)j? 
must exist in the closed string spectrum in order to have the Ishibashi state |A)). In the 
case of the charge-conjugation modular invariant Z = X]agSpcc(g) XaXa? we obtain all the 
Ishibashi states |A)),A G Spec(G'). However, in the other cases, the set of the allowed 
Ishibashi states is in general different from Spec((j'). We denote this set by S 

S = (A)i? G closed string spectrum}. (2.4) 

For the diagonal modular invariant Z = J2xeSpcc{G) XxXx, only the self-conjugate represen- 
tations are allowed and £^ = {A G Spec(G') | A = A}. The multiplicity of a representation 
A in £^ can be greater than 1, as is seen in the -Deven invariant of su{2). 

A generic boundary state \a) satisfying the boundary condition 1)2.11) is a linear com- 
bination of the Ishibashi states 

l«) = E^"'l^))- (2.5) 

xes 

We denote by V the set labelling the boundary states 

V = {a I label of the boundary states}. (2.6) 
The annulus amplitude between two boundary states takes the form 

Z^^ = iPlq^^a) = Yl ^"'f^^/x,(r)= J] n,Jx,. (2-7) 

Ae£',/tGSpcc{G) °^ A(GSpcc{G) 
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Here we denote the multiplicity of the representation fi in Za/3 by n^o^ 



= E^-'l^^/^' = E^-M"^^/' (2.8a) 



In the matrix form, this can be written as 

= 7/'7(^V^ (2.8b) 

where (ip)^^ = ipa^ and {n^)J^ = n^^^. Here we denote by 7^'''* the generalized quantum 
dimension 



7^') = diag(7^;0 = diag (^] . (2.9) 



diag(7?)) = diag (^] 



SopJ 



Clearly, n^a^ takes non- negative integer values for the consistent boundary conditions 14J. 
Moreover, noa^ = 6ai3 since the vacuum is unique, and is related with via 

nl = nl = {ip^^^'^ilj^y = 7/^(7^'^))^^ = ipl^^^ip^ = n-^. (2.10) 

We call the set of the consistency conditions the Cardy condition 
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^ e Z>o, no„^ = 5„/3 (no = 1), = n-^J {n^ = %), (2.11) 



and the boundary states satisfying the Cardy condition the Cardy states. It should be 
noted that the Cardy condition is only a necessary condition for consistency. There are 
many non-physical NIM-reps that do not correspond to any modular invariant [5, {e.g., 
the tadpole NIM-rep of su{2) jHEl). 

So far, the number of the independent Cardy states | V| is not specified. From now on, 
we assume that the number of the Cardy states is equal to the number of the Ishibashi 
states [in] 

|V| = \S\ (assumption of completeness). (2-12) 

In other words, the boundary state coefficient ip is a. square matrix. From the Cardy 
condition (j2.11|) . tiq = ipip^ = 1. For a square ip, this means that ijj is unitary. The 
situation is quite analogous to the Verlinde formula jTH] 

A/'a/= E ^^^^§^= E S,4'^S.,, (2.13a) 

peSpec{G) peSpec{G) 
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where Mx^^ is the fusion coefficient (A) x [ji) = Yliv-^>^tJ^i^)- matrix form, this can 

be written as 

AT;, = S-i^^'^S\ (2.13b) 

where {Nx) ^ = Nx^" . From the associativity of the fusion algebra, one can show that 
A^A satisfies the fusion algebra 

^AiVM= ^A/iV„ (2.14) 

i^€:SpCc(G) 

which implies by the Verlinde formula that 

^(A)^(M)= ^ A6./7(^). (2.15) 

veSpec{G) 

The generalized quantum dimension {7^'^^} is therefore a one-dimensional representation 
of the fusion algebra. If we use if) instead of S in the Verlinde formula, we obtain n^. 
Hence, n^, as well as N^, satisfies the fusion algebra 

nxn^,= Yl -^A/ri,. (2.16) 

i^eSpoc(G) 

The Cardy condition (j2.1H) together with the assumption of completeness (j2.12|) implies 
that {^a} forms a non- negative integer matrix representation (NIM-rep) of the fusion 
algebra. 

For each set of the mutually consistent boundary states, we have a NIM-rep of the 
fusion algebra. However, the converse is in general not true. There are many 'unphysical' 
NIM-reps that do not correspond to any modular invariant [5 . The typical example is 
the tadpole NIM-rep T„ of s-u(2)2„_i [4,3 , which can be constructed by orbifolding the 
regular NIM-rep A2n- The exponent S{Tn) consists of only the even representations of 
su{2) at level 2n — 1. Hence, there is no modular invariant compatible with S{Tn) since 
the level is odd. Although the spectrum of the diagonal modular invariant at level 2n — l 
contains £'(T„) as a subset, the overlap of the T„ boundary states with the ordinary 
yields the su{2) character with irrational coefficients, which implies that the T„ state is 
unphysical. This example shows that the Cardy condition is not a sufficient condition for 
consistency. 

We give some examples of the Cardy states below. 
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2.1 Untwisted states 



Since the non-negative integer matrix (A^a)^'^ = ^x^" satisfies the fusion algebra, {A^a} is a 
NIM-rep of the fusion algebra (regular representation). From the Verlinde formula (|2.13|) . 
the corresponding diagonalization matrix ip is the modular transformation matrix 5*. The 
spectrum £ of the Ishibashi states coincides with Spec(G'). Hence the resulting Cardy 
states are those for the charge conjugation modular invariant. Since the ^-matrix maps 
Spec(G') to Spec(G') itself, the label V of the Cardy states also coincides with Spec(G'). 
The Cardy states take the form ^3] 

|A)= Yl ^>^M- (2-17) 

^t6Spec(G) 

2.2 Twisted states 

The simple Lie algebra g has an outer automorphism uj for g = Ai,Di,Eq (see Table Q). 
Here, r is the order of u and we denote the representation of g by its Dynkin label, namely, 
A = AiAi + ■ ■ ■ + A;A;. 

We can use this outer automorphism u of the horizontal subalgebra g to twist the 
boundary condition of the current algebra g^^^ 

J^ + cu(>_„) = 0. (2.18) 
Since A ^ ^^(A) for a generic representation A, the spectrum S of the Ishibashi states is 

Table 1: The diagram automorphism u of the simple Lie algebra g. r is the order of u 
and {Ai, A2, ■ ■ ■ } is the Dynkin label of the weight A. 
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r 


A21 


X21-1, ■ ■ ■ , Ai) 


2 


A21-1 


{X21-1, X21-2, ■ ■ ■ , Ai) 


2 




(Ai, ■ ■ ■ , A/„i, Xi+i, A/) 


2 




(A5, A4, A3, A2, Ai, Xq) 


2 




(A4, A2, Ai, A3) 


3 
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restricted to 

8 = Pt'^ig^'^) = {\e P^{g^'^) I ^(A) = A}. (2.19) 

(for simplicity, we consider only the charge- conjugation modular invariant). The Cardy 
states are labelled by the integrable representation of the twisted affine Lie algebra g^"^^ 
associated with g and u j2] 

V = P'lig^'"^). (2.20) 

This can be understood as follows. 

Let {|A; u)) \ uj{\) = A} be the Ishibashi states satisfying the boundary condition (j2.18j) . 
The Cardy state |a; u) can be expressed in terms of |A; u)) 

|«;cu) = 5^V^„^|A;a;)). (2.21) 

Consider the annulus amplitude between \a]uj) and the untwisted Cardy state |0) = 
SAeSpoc(G) 'S'oaIA)) 

Zo,(a;u) = (0|g^1a;a;) = 5oA^„"((A|g^^|A; a;)). (2.22) 

In the open string channel, the boundary condition of the current J" is twisted at the 
one end of the annulus that corresponds to \a;uj). Hence, the current algebra in the 
open string channel is twisted to yield the twisted affine Lie algebra g^^\ and the annulus 
amplitude can be expressed in terms of the character of g^^\ The modular transformation 
of the character of is those for another twisted algebra g^^^ [T^ (see Table El). The 
overlap ((A|g^''|A; cj)) of two Ishibashi states is therefore nothing but the character of 



Table 2: The modular transformation of the twisted affine Lie algebras 



g(r) 


.(2) 


.(2) 
^21-1 








gir) 


.(2) 
^21 


^(2) 


Am 

^21-1 




^(3) 
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g{r) X e P^(^Cr)) 


^21' (-^1' ■ ■ ■ ; Ai, A/, ■ ■ ■ , Ai) 

^21-1 (-^1' ■ ■ ■ ) Ai, ■ ■ ■ , Ai) 
Eq ^ (Ai, A2, A3, A2, Ai, Ag) 


^2/^ (Ai, ■ ■ ■ , Ai) 

A+i (-^1' ■ ■ ■ '^i) 
^2/-i (^1' ■ ■ ■ > Ai) 
Eq (Ae, A3, A2, Ai) 


-D4 "* (Ai, A2, Ai, Ai) 


Df^ (A2,Ai) 



Table 3: The integrable representation A of the twisted affine Lie algebra g^^^ that corre- 
sponds to the untwisted affine Lie algebra g^^^ and the diagram automorphism cu of the 
horizontal subalgebra (see eq. ()2.23j) ). 



g^^'^ In our normalization, we obtain ^ 

m''^\X;uj)) = ^xf\-l/r) = ^ J2 ~Kxf{r/rl (2.23) 

where S is the modular transformation matrix between g'^'^'^ and g^'^\ A G P^{g^'^^) is 
determined from A G P^''^{g^^^) by comparing the modular anomaly. We display the 
concrete form of A in Table El 

Using this fact, the annulus amplitude ()2.22j) can be written in the form 

AGP^(9('-))A.GP^(gM) 

(r) 

For the consistent boundary states, the coefficient of the character xfi should be non- 
negative integer. Clearly, this condition is satisfied by setting ip^'^ = S^-^, where a G 
P+{g^^^)- Hence, we set 

l«;^)= E ^«aIA;^)), «gp^(^7«). (2.25) 

The consistency with the symmetric states other than |0) readily follows since \(3) 
can be obtained from |0) by the fusion in the open string channel ^3]. In order to see 

^For ^2^^ the arguments of the characters should be shghtly modified. 
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the mutual consistency of the twisted Cardy states, we consider the annulus amphtude 
between two twisted states 

Z(a;.m.)= J2 E S^xY^{S%x, = J2n:L'x,. (2.26) 
AeP*''^(ff(i))MeP^(g(i)) iJ- 

For the consistency of the states, the coefficients N'^J^ should be non-negative integer (a 
NIM-rep of the fusion algebra) . One can see that this number also appears in the annulus 
amplitude between jo;) and \(^\oj) 

Hence, the mutual consistency of the twisted states follows from the consistency between 
the symmetric and the twisted states. 

2.3 uil)k 

The u{l)k chiral algebra with k E Z has 2k primary fields. We label them by m e Z/2A;Z 

Spec(ii(l)fc) = Z/2kZ = {m = 0, 1, • • • , 2A; - 1}. (2.28) 
The modular transformation matrix reads 

1 ^-fmm'^ (2.29) 



/2k 

and the fusion algebra has the form (m) x (m') = (m + m') . 

Let us consider the twisted boundary states in this theory. The outer automorphism 
of u{l) is the charge conjugation Uc : m ^ —m. The representations self-conjugate under 
LUc are m = and k. Hence, we obtain 

£^{0,k}. (2.30) 
Correspondingly, we have two Cardy states denoted by a = ± 

V = {+,-}. (2.31) 
The boundary state coefficient ip reads 
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3 Automorphisms of boundary states 

Let Ant{g) be the group of the outer automorphism of a current algebra g = g^^\ Aut((?) 
contains a normal abelian subgroup 0{g) which is isomorphic to the center Z{G) of the 
group G 

Oig) ~ Z{G) , Oig) 3 6(A) = e-'"'^^^") G Z{G). (3.1) 
Here Aq is the 0-th fundamental weight of g and 6 is a group isomorphism 

b{AA') = b{A)b{A') , A,A' e 0{g). (3.2) 

b{A) is a multiple of the identity within an irreducible representation of g. We denote the 
eigenvalue of b{A) in the representation A by bx{A) 

b{A)\X) = bx{A)\X), 6,(A) = e-2-^(^(^»)'^), XePlig). (3.3) 

The modular transformation matrix S intertwines 0{g) with Z{G) ^U] 

Sax,, = SxM^)^ ^ e 0{g), (3.4a) 
which can be written in the form 

AS = Sb{A), A,^ = 5ax,,, b{A) = diag(6A(A)). (3.4b) 
Setting A = in this equation, we obtain 

MA) = ^ = 7r^. (3.5) 



Therefore b^{A) is nothing but the generalized quantum dimension. The outer automor- 
phism A & 0{g) acts on the fusion algebra as 

Ar^A/=Ar,V=A6./"^ (3.6a) 

which follows from eq. (j3.4p and the Verlinde formula (|2.13|) . In the matrix form, this can 
be written as 

Nax = AN^ = Ny^A. (3.6b) 
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Setting A = again, we obtain 

A = ANo = Nao. (3.7) 

Hence, the action of the outer automorphism A is equivalent to the fusion with AO (simple 
currents |23). This is the 'S'-dual' of eq. (|3.5|) . 

The outer automorphism A E 0{g) naturally acts on the label of the Cardy states V, 
since A = N^q- We use the same symbol A for its realization on V 



In the component form, 



We can rewrite this as 



A = nAo = ^7^^°^"^ = ipb{A)ipl (3. 



V = ^^A(^)^/. (3.9) 



AiIj = #(A), (3.10a) 

ijAa^ = ^ A/V^/ = iJa%{A), (3.10b) 

where we define Aa G V by 

Aj = SAa,/3. (3.11) 

There are elements of 0{g) that leave V invariant. They form a subgroup of 0{g), which 
we call the stabihzer of V and denote by SiV) 

S{V) = {Ae 0{g) \Aa = a for any a e V} 

= {Ae Oig) I bxiA) = 1 for any A G £}. ^^'^^^ 

The action on V is caused by the quotient group OiV) = 0{g)/ S{V), which we call the 
automorphism group of V 

0{V) = 0{g)/S{V). (3.13) 
From (|3.4j) and = b, we obtain 

b{A) = SA^Sl (3.14) 
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We consider the counterpart of this in V, namely, 

6(A) = V^AV, AeO{£) (zO{g), (3.15) 

where 0{£) is the group of outer automorphisms of £ defined as 

0{£) = {AeO{g)\A{£) = £}. (3.16) 

This restriction for A is necessary because the indices of if) runs only £. It is not clear for 
the author whether h{A) is diagonal or not. We therefore assume that h{A) is diagonal. 
Actually, this holds for all the examples discussed later. Then the above equation reads 

hM)5c.p = Yl V-a'^M^/ = (3.17) 

or equivalently, 

b{A)ip = ipA^, (3.18a) 

ba{A)t/ja^ = A e 0{£). (3.18b) 

From the equations (j3.1(jp and (j3.18|) . we obtain the transformation properties of the 

Cardy states 

biA)\a) = ^7A„^6,(A)|A)) = ^^Aa"|A)) = \Aa), A e 0{V), (3.19a) 

Xe£ X££ 

AGf x,tie£ x,fie£ 

= = J2UA)i^a''\f^)) = UA)\a), A e Oi£). (3.19b) 

fj,££ fj,££ 

The center b{A) G Z{G) induces a permutation of the Cardy states, which is an automor- 
phism of V. On the other hand, A G 0{£) measures the 'charge' (or the conjugacy class) 
of the Cardy states. 

For a NIM-rep nx of the fusion algebra, there corresponds a graph whose vertices are 
labelled by the set V [HIS]- We can identify the boundary states with the vertices of the 
graph. Then the automorphism group 0{V) is naturally interpreted as the automorphism 
of the graph, while b^ represents a coloring of the graph. 
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3.1 Untwisted states 

For the untwisted states, V = S = Spec(G) and ip = S. The equations (j3.1Up and (j3.18p 
reduce to eq. (j3.4p . The transformation property (|3.19|) of the Cardy states therefore reads 

h{A)\a) = \Aa), A\a) = ha{A)\a) , A^O{g). (3.20) 

3.2 Twisted states 

For the twisted states, we have seen 



(3.21) 



From this form, it is natural to expect that 

0{£) ~ 0{g^'^), 0{V) - 0{g^'^). (3.22) 

We will show this is actually the case. We restrict ourselves to the case of 5^ = A21-1. The 
other (7's can be treated in the same way. 

For g = A21-1, (?'•'"•' = ^2Z-i d'^^^ ~ ^i+i- '^^^ exphcit form of 8 and V reads 

s = p^-(4;^) 

= {(Ai, A2, ■ ■ ■ , A;, • ■ ■ , A2, Ai) I 2Ai + 2A2 + ■ ■ ■ + 2A,_i + Xi < k, Xi G Z>o} 
- P^(A+i) = {(Ai, A2, ■ ■ ■ , Xi) I 2Ai + 2A2 + ■ ■ ■ + 2Ai_i + ~Xi<k,Xie Z>o}, 
V = P+(4?-i) = {(«!, ^2, ■■■,«;) I «i + 2«2 + ■■■ + 2ai <k,aie Z>o}. 
First, note that 

0(4;^ J = {1, A, A',..., A'^-'} ^ Z2,, (3.24) 
where the generator A acts on A as 

A : (Ai, ■ ■ ■ , A2Z-2, A2;-i) i-^(Ao, Ai, ■ ■ ■ , A2;-2), 

1 o.Zo 1 

Ao = A;-(Ai + --- + A2z_i). 
Clearly, the elements that leave S invariant are only 1 and A', hence 

0{S) = {1, A'} ^Z2. (3.26) 
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From eq. ()3.23|) . one can see that induces the following action on P^{D 



(2) ^ 
l+lJ 



A^ ■ (Ai, A2, ■ ■ ■ , A/) t-^(A/_i, Ai_2, ■ ■ ■ , Ai, Ao), 

Ao = A;-(2Ai + --- + 2A/_i + A0, 

(2) 

which is exactly the same as the action of the outer automorphism group 0{Di^^) ~ Z2. 
Hence, we have verified the first equality of eq. (|3.22p . 0{£) ~ 0{g^^^). 

The center of SU{21) is also Z2/, which is generated by b{A). The eigenvalue bx{A) of 
b{A) on the representation A reads 

bxiA) = exp (-y ((2/ - l)Ai + (2/ - 2)A2 + ■ ■ ■ + A2;-i)^ . (3.28) 

On S, this can be written as 

-— (2/Ai + 2/A2 + • • ■ + 2/A,_i + IXi) \ = (-1)^'. (3.29) 

Hence, the stabilizer SiV) consists of - and S{V) — l^i. The automor- 

phism group 0(y) is therefore 0(V) = Jj^ij'Li = {1, A} ~ Z2. One can identify this with 
the outer automorphism group of ^2«-i' which acts on P^(^Al^_^ as 



(3.30) 



A : (ai, a2, ■ ■ ■ , az-i, a/) ^-^(ao, ^2, ■ ■ ■ , a/), 

ai^ = k — («! + 2a2 + ■ ■ ■ + 2q;;). 

Actually, from the formula (proved in Appendix) 

^A„,A = ^«a(-1)'S AeO(4;^J, (3.31a) 
S.M = (-l)"^+2..+...+/„.^^,^ ^ ^ (^p(2) )^ (3 3^^) 

one can confirm that the action of 0{V) coincides with that of 0{A'^i^_^). Hence, we have 
verified the second equality of eq. ()3.22|) . 0{V) ~ 0{g^'^^). Note that the above formula 
(nn?T|) also exhibits that b{A) in eq.dSHI) is diagonal, namely, K{A) = (_i)"i+2«2+-+iai_ 

3.3 u{l)k 

The modular transformation matrix of the u{l)k theory ()2.29|) has the following symmetry 

Sm+l,m' = Smm'G ■ (3.32) 
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This is reminiscent of the relation (|3.4p . and we regard A : m m + 1 as the generator 
of the automorphism group 

Oiu{l)k) = {1, A ■ ■ ■ , A^'^-'} ^ Z2fc. (3.33) 

The 'center' is defined in the same way 

bUA) = e-^™. (3.34) 



Let us consider the twisted Cardy states 

1 

71 



±) = ^i\0;uj,))±\k;u,))). (3.35) 



The automorphism group 0{S) is clearly {IjA'^} ~ Z2, under which |±) transforms as 

A'\±) = -^(|fc; to,)) ± |0; cu,))) = ±|±). (3.36) 

Since bk{A) = -1, the stabilizer ^(V) consists of {1,^2, ■■■ ^A^''-^}. Hence, C(V) = 
Z2fc/Zfc = {1, A} ^ Z2, which acts on |±) as 

biA)\±) = ^(|0;c.e)) T \k;uj.))) = \t). (3.37) 

4 Twisted boundary states in coset theories 
4.1 Preliminaries 

Corresponding to the algebra embedding h C g, a. representation A of (yf is decomposed in 
terms of the representations of h as follows 

(A) ^ ©^(A; /i) O (/i), AG Spec(G'), /i G Spec(if). (4.1) 

The spectrum of the G/H coset theory is composed of all the possible combination (A; /i) 



Spec{G/H) = {(A; /i) I A G Spec(G), /i G Spec(if), 6a = b^}/{A\; A^) ~ (A; /i). (4.2) 
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Here the relation {AX; Afi) ~ {X;fi),A G 0{h) is the field identification, ^and 6a = is 
the selection rule for the common center of G and H. To be precise, we should write the 
projected weight as PA, instead of A, using the projection matrix P. For simplicity, we 
omit this P, since it is obvious from the context whether P should be appended or not. 
In this paper, we restrict ourselves to the case that all the identification orbit have the 
same length A^o 

No = |{(AA; Afi)\Ae = (4.3) 

In particular, there is no fixed point in the field identification 

{AX; Afi) ^ (A; /i), for any A G Spec(G), /i G Spec{H), A G 0{h). (4.4) 

The character of the coset theory is the branching function X{\;tJ.) of the algebra em- 
bedding h G g. From the branching rule (j4.H) . we obtain 

XX= J2 X{X;f.)X^- (4.5) 

The modular transformation of the coset characters can be written as 

X(A;/.)(-l/r) = ^ 5'(A;;.)(A';m') X(A';m')(^)' 

{X';fi')€SpeciG/H) (4.6) 

S{X;t^){X';fi') = ^O'S'fA"^^'- 

This ^-matrix has several properties necessary for a consistent theory. First, S(^x;fi){x';fi') 
does not depend on the representative of the field identification orbit. Namely, 

S{AX;Ai,)ix'y) = NoS^^yS^^^^, = NoS^ySl^^,bx'{A)b^,{Ay^ = S^x;fM)(x';t,')- (4.7) 

Here we used the property ()3.4|) for S'^ and 5''^. The last equality follows from the 
■^We do not consider the maverick cosets |21l22j . for which additional field identifications are necessary. 
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selection rule 6^' = b^i. Next, most importantly, S(^x;n){x';fi') is unitary 

S{X;f,){X';f,')S(X"-y){X';fM') = ^ ^0 ^XX' Sj!^' ^X" X' Sj!" f,' 
iX'■,^l')£Spec{G/H) (A';At') 



No ^ No 



EV^ qG qG qH qH 
/ J AX,X"-' X" X"-' Atj.,n"-' n" i^i' 

AeO{h) X',fi' 

5Ax,x"SA^J.,^J." 



(4. 



AgO(/i) 
= (^CA;/.) (A" ;/.")• 

Here we used our assumption of no fixed points to rewrite the sum 

E ^ ^ by{A)b,,{A)-\ (4.9) 

{X';ti')£Spec{G/H) ° X' ,fj.' ° AeO{h) 

The projection operator introduced above takes account of the selection rule. We parametrized 
the center of H by the elements A of 0{h) using the isomorphism Z{H) ~ 0{h). 

The fusion algebra of the coset theory can be obtained via the Verlinde formula ()2.13|) 



Kf (A";/.") S(^X;p){p;a)S[X';t,'){p;<T)S{X";^"){p;<r) 

A/(A;/.)(A';m') = 2^ ^ 

(p;<x)GSpcc(G///) '^(0,0)(p;<x) 

J-Ei^ E u^)bMr 



In the matrix form, 



No ^ No 

^ P,o ^ A(iO{h) 



qG cG cG qH qH qH 
^ j\^2 ^ P ^ P P-<^ P cr pa 



qG qH 

'-'Op '^Ocr 



/ , -'^AAA' ■'^App' ■ 
AeO(h) 



(4.10a) 



NiX;p)= Yl ^AX^Nl, (4.10b) 
AeO{h) 

where both the columns and the rows are restricted to Spec(G'/if). 



17 



4.2 Boundary states 

The boundary condition of the coset theory G/ H follows from that of the current algebras 
G and H. If we adopt the untwisted boundary condition (j2.1|) for G and if, we have the 
untwisted boundary condition for G/H. The resulting boundary states are the untwisted 
Cardy states 

l(A;/x))= E %M)(A';.')I(A';/^'))), (4.11) 

(A';/x')eSpec{G//i") 

where |(A;yu))) is the Ishibashi state for the primary field (A; //) normalized in the same 
way as before 

{{{\- ^^)\f^\{\■ ^^))) = ^^X(A;,)(-l/r). (4.12) 

'5(0;0)(A;m) 

Suppose that the current algebra G admits an automorphism u of the horizontal algebra 
and that u induces an automorphism of H. Then both the current algebras G and H 
can be twisted and we have the twisted boundary condition of the coset theory G/H. We 
have seen in the previous sections that there exists a NIM-rep of the fusion algebra for 
each set of the mutually consistent boundary states satisfying the Cardy condition. The 
regular NIM-rep A^a corresponds to the untwisted boundary states, while for the twisted 
states we have a non-trivial NIM-rep. We should find a non-trivial NIM-rep of the fusion 
algebra ()4.10p for the twisted Cardy states in the coset theory. 

Finding a NIM-rep is nothing but finding a diagonalization matrix ip of the fusion 
algebra. For the regular NIM-rep, ip coincides with the modular transformation matrix 
S, which is related with those of G and H as follows 

S{x■,^^){x'■^,') = NoSfyS^^,. (4.13) 

This form suggests the following expression for the twisted boundary states in the coset 
theory 

i^ia.fS)^^''"^ = iVV'^^V^f ^ (4.14) 

where ip'^ and ijj^ are the boundary state coefficients for the twisted Cardy states in G 
and H, respectively, and N is an integer that divides Nq. We shall show that this actually 
realizes a NIM-rep of the fusion algebra 1)4.101) of the coset theory. 
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The label (a; /?) of the boundary states is composed of those of the current algebra 
theories. However, not all the combination of a G and (3 G is allowed, since (A; fi) 
should belong to the spectrum ()4.2p of the coset theory. 

First, from the field identification {AX; Afi) ~ (A; /i), A G 0{h), it should be satisfied 
that 

^(a;/3)^^'^^^)=^(«;/3)^'^^\ AgO(^^). (4.15) 

Here we restrict the identification group of the spectrum to 0{£^) since ip^ is defined 
only in £^ . Correspondingly, the length of the identification orbit is shorter than A^^q. We 
set the integer N in (j4.14j) to the length of this orbit 

N =\{{A\-A^i)\AeO{£^)}\. (4.16) 

The requirement ()4.15|) implies that 

= Nij^'ij^%^{A)bp{A)-' (4.17) 

= ^K/3)^^^'^^&a(A)&/3(A)-\ 

where we used the relation ()3.18|) for tp'^ and ip^ . Hence we have to require ba = hp for 
(a; (3) to be a label of the boundary state. 

Next, from the selection rule 6a = 6/^ for (A; /i), we obtain 

— W(Aa;Al3) , 

where we used the relation ()3.10|) . Therefore we should identify {Aa;Ap), A G 0(y^), 
with (a; /5). Together with the above result, we define the set V'^^^ of the labels of the 
twisted boundary states in the coset theory as follows 

V^/^ = {{a-p)\aeV^,P e V^, K = h}/{Aa; Ap) ~ (a; p). (4.19) 

We can see the structure of V'^^^ is exactly parallel to that of Spec(G'/if). Namely, we 
have the counterpart of the field identification and the selection rule in V^^^ . We call the 
identification {Aa; AP) ~ (a; P) and the selection rule ba = hp for the boundary states 
the brane identification and the brane selection rule, respectively. 
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With this definition at hand, we can check that the boundary state coefficients (j4.14|) 
actually realizes a NIM-rep of the fusion algebra. In order to do that, we restrict ourselves 
to the case that the length of the identification orbit {(Aa; A(3) \ A G OiV^)} is also given 
by ()4.16|) . This is not so restrictive and holds for all the examples discussed below. Let 
us first check the unitarity of ip(a;/3)^^''^^ 

iX;fM)e£G/H (A;p) 

X iVVf ^V'S^?^^!^'' (4-20) 

= E ^Aa,a'SAl3,l3'- 
AeO(V«) 

From this calculation, one can see that 4'{a;i3)^^''^^ is unitary unless there are fixed points 
in the brane identification {Aa; A(3) ~ If, for example, there is a fixed point 

Aa = a,A(3 = (3, for A^ = 1, we have the result ^(a-^) ^ 2 instead 
of 1. This is the situation familiar in the field identification of the coset theory and we 
need some resolution of the fixed point in order to have a consistent theory |22^. 

The NIM-rep associated with ^(a^is)^'^''^^ can be obtained in the same way as above 

A 

ip;J^OfH '^(0,0)(p;<x) 



(4.21a) 



In the matrix form, 



E G a' H 13' 
'''AX a '''Ap.p ■ 

AeO(V») 
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where both the columns and the rows are restricted to V*^/^. Since the components of vP 
and are non-negative integers, n^x;^) is also non-negative integer matrix. Hence ^^(ajju) 
is a NIM-rep of the fusion algebra, if there is no fixed point in the brane identification. 

5 Examples 

In this section, we apply the methods developed in the previous section to obtain the 
twisted boundary states in various coset theories. 

5.1 sw(3)fc e sw(3)// su{?>)k+i 

The diagonal coset of sii(3) is the simplest example that admits the twisted boundary 
conditions. We consider the case of sw(3)i ® sw(3)i/sw(3)2, although our methods can be 
applied to the other levels. 

Let us start with the twisted boundary states in the sm(3) theory at level k. The 
automorphism uj of the horizontal subalgbra acts on the weight of su{2>) as follows 

a;: (Ai,A2)^(A2,Ai). (5.1) 

The spectrum E invariant under uj reads 

E = P^'^(4^)) = {(Ai, Ai) I 2Ai < A;, Ai e Z>o}. (5.2) 

The boundary states are labelled by the integrable representation a of the twisted affine 
Lie algebra A^2^ 

V = P^(Af ) = {a = (ai) \2ai<k,ae Z>o}, (5.3) 

and take the form 

\a-uj) = Y,S^^\\-M)- (5.4) 
\e£ 

Here S is the modular transformation matrix of A^2^ 

^A. = ;^^sin(^(Ai + l)(/.i + l)y A,/ieP^(4'^), (5.5) 



21 



and A is defined as Ai = Ai. 

For A; = 1, £: = {(0,0)} and V = Pl=^{Af^) = {(0)}. Hence there exists only one 
twisted state 

|0;a;)=,Soo|(0,0);u;)) = |(0,0);a;)). (5.6) 

For A; = 2, £: = {(0, 0), (1, 1)} and V = Pl='^{Af^) = {(0), (1)}. We have two twisted 
states 

^ ^aA|(A,A);a;)), a = 0, 1, (5.7) 



A=0,1 

where S takes the form 



2 / sin ^ sm ^ 



VsV^inf -sin'fj- ^^-^^ 
Since the diagonal action of uj on sii(3)i®SM(3)i induces the automorphism of sm(3)2 C 
sw(3)i ® sw(3)i, we have the twisted boundary condition in the coset theory su{Z)i ® 
su(3)i/su(3)2- Since A^^ has no outer automorphism, 0(E) — 0{V) — {1}. Hence both 
the brane identification and the brane selection rule is trivial. We therefore obtain two 
twisted boundary states in the coset theory 



2 / 27r TT 
|(0,0;0);w) = -^ fsin— |(0,0;(0,0));^)) + sin-|(0,0;(l,l));^) 

1(0, 0; l);a;) = (^sin||(0,0;(0, 0));a;))- sin ^1(0,0; (l,l));a;) 



(5.9) 



5.2 sw(4)fc e su{4:)i/su{4)k+i 

The diagonal coset of su{4:) — A^ can be treated in the same way as su{3). 
The automorphism cu acts on the weight of su{A) as 

c^:(Ai,A2,A3)^(A3,A2,Ai). (5.10) 

Hence the spectrum S reads 

£ = P^'"(4'^) = {(Ai, A2, Ai) I 2Ai + A2 < A;, A, e Z>o}. (5.11) 

The boundary states are labelled by the integrable representation a of the twisted affine 
Lie algebra ^3^^ 

V = Pt(4'^) = {a = {ai, a2) \ai + 2a2<k, ae Z>o}, (5.12) 
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and take the form 



a; uo 



) = E^«aIA;^)). 



(5.13) 



Here 5* is the modular transformation matrix between and ~ A3 . 

For A; = 1, £ = {(0, 0, 0), (0, 1, 0)} and V = {(0, 0), (1, 0)}. Hence we have two twisted 
boundary states, for which the coefficients read 



(5.14) 



For = 2, £: = {(0, 0, 0), (0, 2, 0), (1, 0, 1), (0, 1, 0)} and V = {(0, 0), (2, 0), (0, 1), (1, 0)}. 
We therefore have four twisted boundary states, for which the coefficients read 

/I 1 1 V3 \ 

1 1 1 -V3 
11-20 

VV3 -V3 / 



V6 



(5.15) 



Since 0{A 



(2)^ 



{1,A} ~ Z2, we need the brane identification in the coset theory 



sm(4)i © su(4)i/su(4)2. The length of the identification orbit is 2. The generator A of 



0{Af^) acts on V as 

A : («!, a-i) ^ («o, «2), ao = k — (ai + 202). 
On the other hand, 0{D^^) = {1, A} ~ Z2 acts on S as 



(5.16) 



(5.17) 



(5.1^ 



A : (Ai, A2, Ai) ^ (Ai, Ao, Ai), Ao = A; - (2Ai + A2). 
From the formula 1)3.311) . we obtain 

UA) = {-ir. 

Putting these facts together, we can write down the set V^^^ of the label of the twisted 
boundary states for su(4)i © sm(4)i/sm(4)2 

V^/^ ={((0, 0), (0, 0); (0, 0)), ((0, 0), (0, 0); (2, 0)), 

((0,0),(0,0);(0,1)),((0,0),(1,0);(1,0))}. 

The boundary state coefficients can be calculated by the formula ()4.14p and coincide with 

5 for = 2 (nrrai . 



(5.19) 
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5.3 su{2)k/u{l)k 

The su{2)k/u{l)k parafermion theory {PFk) is the simplest example including the 
factor. This theory is equivalent with the su{k)i © su{k)i/su{k)2 theory. Therefore we 
can check the validity of our procedure by comparing the result with that obtained above. 
The spectrum of the parafermion theory reads 

Spec(PFfc) = ^ ^ 

(5.20) 

{(/; m) I / = 0, 1, ■ ■ ■ , fc, m G Z/2A;Z, I = m mod 2}/(A; — /; m + fc) ~ (Z; m), 

where / G P^{A^^^) stands for the integrable representation oisu{2)k while m G Spec(M(l)fc) 
is the irreducible representation of u{l)k- 

Although the charge conjugation ujc is an inner automorphism in su(2), it induces an 
outer automorphism ojc of u{l) C su{2). Hence Uc is an outer automorphism of the coset 
theory and we obtain the boundary states twisted by ojc [6 . Since Uc is inner in su(2), 
we use the untwisted boundary states |/) for the 5-^(2) sector ^ 



v 

where the modular transformation matrix reads 



The u{l) part is described by the twisted boundary states |±) ()3.35p . 

The brane identification and the brane selection rule are applied in the same way as the 
previous examples. However, there is a subtlety for k G 2Z>o. Since the center h of SU (2) 
acts on m G Spec('u(l)fc) as (—I)™', the Ishibashi state |m = k;ujc)) transforms as b\m = 
k]UJc)) = {—1)^1171 = k]U!c)). For odd k, this induces the automorphism of the boundary 
states |±) |=f). For even k, however, the action of b leaves |±) invariant and the 
automorphism group 0{V^^^^) is trivial (the stabilizer 5'(V"*-^'') coincides with 0{su{2)k) — 
Z2). The set V^'^'' of the label of the twisted boundary states in the parafermion theory 

"^To be precise, we have to twist the boundary states by the charge conjugation. We omit it since it 
does not affect the coefficient 5'''"*^^^ of the boundary states. 
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therefore reads 



and 



yPF^,, , ^ I / = 0, 1, ■ ■ ■ , k}/{k (/; -) 

= {(/; (-1)') I / = 0, 1, ■ ■ ■ , (fc - l)/2} for odd k 

V^^ovcn . = I / = 0, 1, ■ ■ ■ , - /; ±) ~ (/; ±) 

= {(/; (-1)') I / = 0, 1, ■ ■ ■ , k/2} for even k 



(5.23a) 



(5.23b) 



The set V appears to have the same structure irrespective of the parity of k. However, 
for even /c, (/; (—1)') ~ {k — I; (—1)') and we have a fixed point {k/2; (— l)'^/^) in the 
brane identification. In order to have a complete set of the boundary states, we have to 
resolve the fixed point. This is possible because we have one additional Ishibashi state 
\{k/2; k/2)] u^) for even k and we obtain the resolved set 

yPFeven . = |(^. | / = Q , 1 , ■ ■ ■ , A;/2 - 1 } U {{k/2] {-if ±} . (5.23c) 

The boundary state coefficients follow from the formula (j4.14p . For the ordinary states, 
we obtain 

|(/; {-inu,) = v^5f;^'^l(/';0);^c)), / < ^, (5.24a) 

/' even 

while for the 'fractional' states we have 

\{k/2;{-lf/')^;co^)= -^Sf'^moy,u;^))±^\{k/2;k/2y,uj^)). (5.24b) 

I' even 

This reproduces the result obtained in 0. 

Let us calculate the explicit form of the boundary states for A; = 3, 4, and compare 
it with the results for the diagonal coset. For k = 3, £ = {(0; 0), (2; 0)} and V = 
{(0; +), (1; — )}. In this basis, the boundary state coefficient reads 

, 2 /sin f sin ^ \ 

This coincides with the result ()5.9|1 for the su{3) diagonal coset after the identification 
1(0,0; (1,1)))) = -1(2,0))), 1(0, 0;0)) = |(2;0)) and |(0,0;1)) = |(0;0)). 
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For k = 4, S = {(0;0),(2;0),(4;0),(2;2)} and V = {(0; +), (1; -), (2; The 
boundary state coefficient reads 



1 



/ 1 2 

Vs 

1 -1 

V 1 -1 



1 \ 

-V3 
1 ^3 

1 -V^J 



(5.26) 



which again coincides with the result ()5.15|) for the sm(4) diagonal coset after an appro- 
priate identification of the states. 



6 Summary 

In this paper, we have developed the method for constructing the twisted boundary states 
in the G/H coset conformal field theory. In the way analogous to the field identification 
and the selection rule of the coset theory, we introduce the notion of the brane identifi- 
cation and the brane selection rule which act on the set of the boundary states. We have 
shown that the twisted boundary states of the G/H theory follow from those of the G and 
the H theories making use of these rules. As a check of our procedure, we have treated in 
detail the su{n)i © su{n)i/ su{n)2 theory and the 5^(2)^/^(1)^ parafermion theory, which 
are equivalent with each other, and have obtained the consistent results. Also, we have 
seen that our boundary states for the parafermion theory reproduces the results obtained 
in 0. 

In this paper, we have restricted ourselves to the charge-conjugation (or the diagonal) 
modular invariant. It is interesting to extend our analysis to other non-trivial modular 
invariants. The minimal models have the description as the coset theory, namely, su{2)k(B 
su{2)i/ su{2)k+i. One can easily verify that our procedure, in particular the formula ()4.14|) . 
yields all the boundary states of the minimal models obtained in by appropriately 
extending the brane identification and the selection rule to the D and the E type modular 
invariants. The related problem is the issue of the unphysical NIM-reps. We can formally 
construct a NIM-rep of the G/H theory starting from an unphysical NIM-rep of the G 
(or H) theory. It is interesting to determine whether the resulting NIM-rep is physical or 
not, although it is likely to be unphysical. 
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It is also interesting to apply our method to the super coset theories, especially the 
Kazama-Suzuki models 

We have seen there are fixed points in the brane identification, and we should resolve 
them to obtain the consistent theory. This phenomena is the brane version of the field 
identification fixed points. Hence, in order to have a deep understanding of this, it will be 
necessary to extend our analysis to the case of the coset theory with the field identification 
fixed points. 

Acknowledgement: I would like to thank H. Awata, M. Kato, M. Oshikawa and 
Y. Satoh for helpful discussions. 
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A Modular transformation matrix of {A^2i^_^^ ^l+i 

In this Appendix, we show the transformation property of the modular transformation 

(2) (2) 

matrix between ^2Z-i ^i+i under the action of the outer automorphism group of the 
algebras. The derivation is exactly parallel to the case of the untwisted afiine Lie algebras 
(see, for example, §14.6 of [23j). 

The modular transformation of the characters of the twisted affine Lie algebra A2i_i 

(2) 

gives rise to those of D^^-^, and vice versa. The integrable representations of these algebras 
at level k are labelled as follows 

P+i^fi-i) = A2, ■ ■ ■ , AO I Ai + 2A2 + ■ ■ ■ + 2\i <k,\iE Z>o}, 
P+iDl^) = {(^1, /i2, ■ ■ ■ , /iO I 2/ii + ■ ■ ■ + 2/ii_i + f^i<k,fXie Z>o}. 

The modular transformation matrix Sx^ for A G P^{A2i_^),fL G P^(D)'_,_]^), takes the 
form \V7i 

Sx, = ^{k + 2l)"2 J2 eHe-^("(^+'^)'^+'^). (A.2) 

Here the sum is taken over the Weyl group of Ci, which is the horizontal subalgebra of 
A.2i_i- We denote by A the finite part of A, which is expressed by the fundamental weights 
Aj of Ci as follows 

A = AiAi + --- + AzAz. (A.3) 
/i is a weight of Ci determined from fi via 

fl = 2/iiAi + ■ ■ ■ + 2/i;_iA;_i + fiiAi. (A.4) 

The Weyl vectors, p and p, are defined as 

+ - + (A.5) 
p = 2Ai + ■ ■ ■ + 2A,_i + A,. 

The outer automorphism group of A^^i-^ is Z2. The generator A G 0(^42;^^^) acts on 
A e P^(4;-i) as 

v4 : (Ai,A2,- ■■ ,Ai) H^(Ao,A2,- ■■ ,Ai), 

(A.6) 

Ao = fc-(Ai + 2A2 + --- + 2A;). 
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One can show this can be written in the form 

AX = kAi+WA{X), (A.7) 

where wa G is an element of the Weyl group for which e{wA) = — 1- Applying this 
formula to A + p, we obtain 



AX + p = {k + 2l)Ai + WAiX + p), (A.8) 
where we used Ap = p. Substituting this to ()A.2|) yields 

V2' 



From the definition of /i, it can be shown that 



{wAi,p) = — mod Z for any e PF, (A. 10) 

2 



and we obtain the result 

^ w£W{Ci) 



(A.ll) 



(A.12) 



(2) ~ 

The outer automorphism of DIj^^ is Z2 and generated by A 

A : (/ii, ■ ■ ■ , pi-i,pi) h^{pi-i, pi-2, ■■■ , /ii, po), 

Po = k- (2/ii H h 2/i;_i + pi). 

The action on S can be calculated in the same way as above. The result reads 

S,,A, = (A.13) 
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